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Abstract
We define an index for osp(4∗|4) superconformal quantum mechanics on a
hyperKa¨hler cone. The index is defined on an equivariant symplectic resolution
of the cone, which acts as a regulator. We present evidence that the index does
not depend on the choice of resolution parameters and encodes information about
the spectrum of (semi-) short representations of the superconformal algebra of
the unresolved space. In particular, there are two types of multiplet which can
be counted exactly using the index. These correspond to holomorphic functions
on the cone and to the generators of the Borel-Moore homology on the resolved
space respectively. We calculate the resulting index by localisation for a large
class of examples.
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1 Introduction
Conformal quantum mechanics refers to a quantum mechanical system in which
the Hamiltonian is accompanied by generators for dilatations and special con-
formal transformations which together form an SO(2, 1) symmetry group, [13].
Such models are interesting in the context of holographic duality where they
may provide a boundary description of geometries containing an AdS2 factor
such as the near horizon region of a black hole. Conformal quantum mechanics
also arises as the discrete light-cone quantisation (DLCQ) of higher-dimensional
CFTs, [1, 2].
The maximally supersymmetric case we study here, arises for a quantum me-
chanical σ-model with a hyperKa¨hler target manifold. As usual the resulting
theory has N = (4, 4) supersymmetry, [3]. The target space also satisfies the
criterion for so(2, 1) conformal invariance if it admits a closed homothety in the
sense of [26]. Such manifolds are known as hyperKa¨hler cones. Provided the
homothety is also triholomorphic1, the theory acquires a larger osp(4∗|4) su-
perconformal symmetry, whose bosonic subalgebra includes so(2, 1) conformal
transformations together with an su(2)⊕usp(4) algebra of R-symmetry transfor-
mations, [43]. Large classes of hyperKa¨hler cones obeying this condition arise as
the Higgs branches of supersymmetric gauge theories in higher dimensions. This
provides a physical context for the corresponding σ-models; compactifying the
spatial dimensions of the gauge theory on a torus, the resulting theory flows to
superconformal quantum mechanics in the IR. In mathematical terms the Higgs
branch of a supersymmetric gauge theory with eight supercharges corresponds
to a particular hyperKa¨hler quotient of flat space. For quiver gauge theories,
the resulting spaces also have an algebro-geometric description and are known
as Nakajima quiver varieties. As we discuss below, these are singular spaces and
a resolution of the singularities is needed in order to properly define supersym-
metric quantum mechanics.
One particularly interesting model in this class is the ADHM quiver corre-
sponding to the moduli space of Yang-Mills instantons on R4. This model is
believed to provide a DLCQ description of the (2, 0) theory in six dimensions.
This identification is consistent with the fact that osp(4∗|4) is a factor in the
subalgebra of the (2, 0) superconformal algebra in six dimensions which is left
1For brevity, this condition is implied whenever we use the term ‘hyperKa¨hler cone’ in the following.
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unbroken by compactification of a null direction. It further suggests the exis-
tence of a an osp(4∗|4) invariant quantum mechanics on the instanton moduli
space with a spectrum consisting of lowest-weight unitary representations of this
algebra. These states should be the ones arising from the branching of unitary
representations of the full (2, 0) superconformal algebra onto those of the light-
cone subalgebra. In [2], Aharony et al regulated the ADHM σ-model by suitably
resolving the singularities of the instanton moduli space. Any such deformation
inevitably breaks superconformal invariance. However, the authors of [2] argued
that the resolution corresponds to a UV regulator for six-dimensional spacetime
theory and also suggested a limiting procedure to extract the observables of
conformal quantum mechanics from those of the regulated theory.
In this paper we will proceed in a similar way for more general models in
the same class and test the hypothesis that every hyperKa¨hler cone defines an
osp(4∗|4) invariant superconformal quantum mechanics with a spectrum consist-
ing of lowest-weight unitary representations. For a large class of such models
there is a natural choice of regulator; we replace the hyperKa¨hler cone by its
equivariant symplectic resolution2. For cones which arise as Higgs branches of
quiver gauge theories, such resolutions are provided by turning on generic values
of the real Fayet-Illiopoulos parameters in the gauge theory. In the case of the
ADHM quiver this coincides with the resolution considered in [2].
As for superconformal algebras in higher dimensions, representations of osp(4∗|4)
are naturally classified as (semi-) short or long depending on whether the di-
mensions of the primary state saturate a BPS bound. In recent work, [42] (see
also [15]) Singleton defined a superconformal index which counts the (semi-) short
multiplets modulo the possiblity of recombination into long ones. As well as en-
coding the dimensions and R-charges of superconformal primaries, the index also
grades states according to their quantum numbers under the global symmetry
group of the theory. In the case of flat C2n, the states contributing to the index
are in one-to-one correspondence with polynomial-valued holomorphic forms on
the target space.
In the general case we replace the singular cone by its equivariant symplectic
resolution. Although the full superconformal algebra is broken by the resolution,
the Cartan generators of the little-group associated with the superconformal
index all remain unbroken as do the triholomorphic isometries of the hyperKa¨hler
cone. In the following, we will argue that the superconformal index can be
identified with an appropriate index of the resolved space, namely a certain
equivariant Euler character of sheaf cohomology. We will show that the index
defined in this way correctly captures the expected features of superconformal
2The resolution is in fact a projective symplectic resolution, which necessarily has the property of
being equivariant.
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quantum mechanics on the underlying singular space and present evidence that
it does not depend on the choice of symplectic resolution.
To define the index we need to pass to the algebraic description of the hy-
perKa¨hler cone X and its equivariant symplectic resolution X˜ as a complex
variety. In this context we consider the sheaf Ap(X˜ ) of p-forms on X˜ and the
associated sheaf cohomology H∗ in the Zariski topology. In section 2, we argue
that the superconformal index can be identified with an equivariant analog of the
Hirzebruch genus in this complex. The resulting index Z(X ) for a hyperKa¨hler
cone X of quaternionic dimension dH , is a function of two fugacities τ and y
which can be identified with the Cartan generators of the SU(1|2) little group
preserved by the BPS shortening condition of the superconformal algebra as well
as additional fugacities Z = {zi}, corresponding to global symmetries.
Z(X ; τ, y, Z) : =
2dH∑
p,q=0
(−)p+q
(y
τ
)p−dH
trHq(X˜ ,Ap(X˜ ))
(
τR
∏
i
zJii
)
. (1.1)
Geometrically, the powers of y/τ appearing in the index correspond to holomor-
phic degree, p, in sheaf cohomology while those of τ record the grade R under
the C× action preserved by the symplectic resolution. The global symmetry
fugacities zi, grade the cohomology classes according to their charge under the
triholomorphic isometries of X˜ .
For all the cases we study in this paper, the index can be localised at fixed
points of a group action on the manifold and calculated exactly. Applying the
relevant localisation theorems we find,
Z(X ) =
(
τ
y
)dH ∑
x∈X˜T
PE
[(
1− y
τ
)
chT (T
∗
x X˜ ; τ, Z)
]
. (1.2)
Here the sum is over fixed points x of X˜ under the torus T generated by the
isometries Ji and C×. In the above formula T ∗x X˜ is the tangent space to the
manifold at the fixed point x considered as a T -module and chT denotes the
corresponding character. Finally, PE denotes the plethystic exponential. For the
full definitions see Section 2.1.
By construction, the index has no continuous dependence on the resolution
parameters. However, it is known that hyperKa¨hler cones can have inequiva-
lent symplectic resolutions corresponding to different chambers in the parameter
space separated by walls of codimension one, [32]. One might therefore worry
that the index we define depends on the choice of chamber. In the following, we
will present evidence that the index is in fact independent of this choice. The
evidence consists of several different limits and specialisations of the index for
which this can be proven. Finally, we perform some explicit calculations for a
generic quiver of low dimension.
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As in higher dimensions, the expansion of the index in characters of the little
group provides information about the spectrum of osp(4∗|4) multiplets. Although
the index typically provides only a lower bound on the spectrum, there are two
types of multiplets which we can count precisely. Both are related to the geometry
of the target space. The first are the 1/2-BPS short multiplets which we show are
in one-to-one correspondence with the generators of Borel-Moore homology of the
resolved space. These states cannot be lifted and the index counts them without
sign. The second are a particular type of semi-short multiplet of osp(4∗|4) which
are in one-to-one correspondence with holomorphic functions on the target space.
The partition function for these two classes of protected states are related to the
Hilbert series and Poincare polynomial of X˜ respectively. In fact, both these
partition functions arise as particular limits of the superconformal index. As we
explain in Section 3, the Hilbert series arises in the y → 0 limit of Z(X˜ ) while
the Poincare polynomial in Borel-Moore homology appears in the τ → ∞ limit
with y/τ held fixed. The full index interpolates between these two quantities and
encodes a lower bound on the degeneracies of the other (semi-)short multiplets
of osp(4∗|4) in each irreducible representation of the global symmetry.
In the special case of the ADHM quiver, the index (1.1) coincides with the
corresponding instanton contribution to the Nekrasov partition function of a
certain five-dimensional supersymmetric gauge theory, and agrees with an ear-
lier proposal for a superconformal index for ADHM quantum mechanics, [24].
In this case, we confirm the identification of 1/2-BPS multiplets with compactly
supported cohomology classes which was anticipated in [2, 24]. This identifi-
cation reproduces the known spectrum of chiral primaries of the (2, 0) theory
corresponding to the Kaluza-Klein modes of eleven dimensional supergravity on
AdS7×S4. The semi-short multiplets of osp(4∗|4) should be related to the spec-
trum of 1/8-BPS states of the (2, 0) theory. The resulting bound from the index
should be relevant for counting the microstates of supersymmetric black holes in
AdS7.
The superconformal index defined in this paper has a number of other in-
teresting properties. HyperKa¨hler cones typically contain many cones of lower
dimension, which appear as fixed points of symmetries. The superconformal in-
dex is stable under this reduction in the following sense; the index of the fixed
point submanifold is obtained simply by taking the fugacity of the corresponding
symmetry to zero in the index of the original space. This connection provides
an efficient way of generating the superconformal indices of all quivers varieties
of type An and Aˆn, as these all appear as fixed points in the instanton moduli
space [31]. The connection to the Poincare polynomial, allows us to write an
explicit formula for the partition function of 1/2-BPS states for superconformal
quantum mechanics on any Nakajima quiver variety. There are interesting con-
nections with the work of Nakajima, who constructed an action of a quantum
affine algebra on the Borel-Moore homology of these spaces [32, 33]. Indeed the
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resulting generating function can be identified with graded character of a specific
module of this algebra.
The paper is organised as follows. In Section 2, we will review osp(4∗|4) su-
perconformal quantum mechanics on a hyperKa¨hler cone. We also review the
symplectic resolution of the cone and define a regulated superconformal index.
Finally, we give a general formula for the index via localisation to the fixed points
of a group action. In Section 3, we discuss various properties of the index includ-
ing the limiting behaviour mentioned above. To show that our interpretation of
Z as a superconformal index is consistent we compare our formula (1.2) with the
index evaluated on a general spectrum of unitary lowest weight representations
of osp(4∗|4). This comparison provides several non-trivial tests of our proposal.
Finally, in Section 4, we apply the fixed point formula to compute the index in
numerous cases.
2 The superconformal index
Following [42, 43], we will study supersymmetric quantum mechanics on a hy-
perKa¨hler manifold. As usual, the Hamiltonian H of the system is identified with
the Laplacian acting on forms and the hyperKa¨hler condition gives an N = (4, 4)
supersymmetry algebra. We specialize further to the case of a hyperKa¨hler cone
(see [14]),
Definition 1. For X a hyperKa¨hler manifold, it is a hyperKa¨hler cone if it has
a homothetic conformal Killing vector field VD,
LVDg = 2g . (2.1)
We define dH :=
1
4 dimRX ∈ Z>0. The homothety D yields, a dilatation op-
erator D and also implies the existence of a scalar function K. The corresponding
operator K together with H and D generates an so(2, 1) conformal algebra. As
the space X is necessarily non-compact, these operators act on the Hilbert space
of L2 normalisable forms. In the simplest case of flat space one finds a dis-
crete spectrum3 for the dilatation operator D corresponding to a set of unitary
representations of so(2, 1). More generally, a standard argument shows that D
is isospectral to L0 = µ
−1H + µK for arbitrary µ. The addition of K to the
Hamiltonian provides a harmonic potential on X which should lead to a discrete
spectrum for L0 and thus for D.
If the homothety D is triholomophic then the so(2, 1) conformal algebra com-
bines with N = (4, 4) supersymmetry give a larger osp(4∗|4) superconformal
algebra [43]. In partcular, in this reference, Singleton gave an explict presenta-
tion of the generators of osp(4∗|4) acting on the the space of forms on X . If X
3In conventional quantum mechanics on X , one would instead diagonalise H in the slightly larger
Hilbert space of plane-wave normalisable forms leading to a continuous spectrum of scattering states.
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is smooth, this algebra is therefore realised in the spectrum of supersymmetric
quantum mechanics on the manifold. In the case of a flat target space R4n,
the model can be solved exactly and one finds a spectrum consisting of postive
energy, unitary irreducible representations of the superconformal algebra. Un-
fortunately, this is the only non-singular hyperKa¨hler manifold which admits a
triholomorphic homethety. In particular, the hyperKa¨hler cones we consider here
are singular spaces and additional input is required to define a sensible model.
In this paper, we will consider the hypothesis that there is an osp(4∗|4) in-
variant theory associated with each hyperKa¨hler cone X which in particular has
a spectrum consisting of a countable set of positive-energy, irreducible unitary
representations of this algebra. We will now review the classification of these
representations and the corresponding superconformal index.
The bosonic subalgebra of the superconformal algebra is
gB = so(2, 1) ⊕ su(2)⊕ usp(4) . (2.2)
The Cartan subalgebra of gB is generated by D, J3,M and N, with J3 the Cartan
generator of su(2), and M and N the Cartan generators of usp(4). The weight
lattice is generated in the orthogonal basis as ǫ1Z ⊕ ǫ2Z ⊕ δ1Z ⊕ δ2Z, defined
such that if vλ has eigenvalues (∆,−2j,−m,−n) under (D, 2J3,M,N), then vλ
has weight
λ =
∆
2
(ǫ1 + ǫ2)− j(ǫ1 − ǫ2)−mδ1 − nδ2 . (2.3)
In order for vλ to be a lowest weight vector for a unitary irreducible representation
of osp(4∗|4), it is necessary that ∆ > 0, (2j,m, n) ∈ Z3>0 andm > n. On a generic
state, |ψ〉, corresponding to a (p, q)-form on X , we have
M|ψ〉 = (q − dH)|ψ〉 , N|ψ〉 = (p− dH)|ψ〉 . (2.4)
As for superconformal algebras in higher dimension, the unitary irreducible
lowest weight representations are classified by the value of the lowest weight.
The lowest weight state is annhilated by the lowering operators of osp(4∗|4). In
addition there are BPS bounds on the dimension ∆. If ∆ saturates the bound,
then the lowest weight vector is annihilated by one or more additional generator.
In the work [42], Singleton found a full classification of unitary irreducible lowest
weight representations,
Theorem 1. Unitary, irreducible, lowest weight representations of osp(4∗|4)
are obtained from the Verma module generated by the action of osp(4∗|4) on
|∆, j,m, n〉, by quotienting out null states. They come in the following types:
• Generic ‘long’ representations L(∆, j,m, n) with ∆ > 2(j +m+ 1).
• ‘Semishort’ representations SS(j,m, n) with ∆ = 2(j +m+ 1).
• ‘Short’ representations S(m,n) with ∆ = 2m and j = 0. These split into
1/2-BPS representations with m = n and 1/4-BPS otherwise.
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In [42], Singleton, defined a superconformal index which receives contributions
solely from the short and semi-short representations. The index can be used to
count the (semi-)short representations up to the possibility of recombination into
long multiplets. To define the index we pick a supercharge q and its conjugate,
s = q† such that,
{q, s} = H = 1
2
L0 + J3 +M . (2.5)
Thus H has eigenvalues,
E :=
1
2
∆− j −m. (2.6)
Each (semi)-short multiplet contains states which are annihilated by H. Assum-
ing a discrete spectrum, these states are in one-to-one correspondence with the
cohomology classes of the supercharge s. The choice of BPS bound breaks the
full superconformal algebra down to the su(1|2) subalgebra commuting with q
and s. This subalgebra has Cartan generators T = −(M+ 2J3) and N. The su-
perconformal index counts states saturating the bound, graded by their charges
under T and N and any additional mutually commuting global symmetry gener-
ators {Ji}. The fermion number is given by F = M+ N. The resulting index is
given as,
I (t, y, Z) = Tr
[
(−1)F e−βH τTyN
∏
i
zJii
]
. (2.7)
Assuming a discrete spectrum, the superconformal index is invariant under all
deformations of the system which preserve the supercharges q and s. In partic-
ular, the index is independent of the parameter β.
The states with E = 0 in each (semi-)short multiplet of osp(4∗|4) transform in
representations of the “little group” SU(1|2) their contribution to the index is the
corresponding character. The 1/2- and 1/4-BPS short representations S(m,m)
and S(m,n) with m > n ≥ 0 have characters,
Im,m (τ, y) = τm [χm(y)− τχm−1(y)] ,
Im,n (τ, y) = τm
[
(1 + τ2)χn(y)− τ (χn+1(y) + χn−1(y))
]
,
(2.8)
where χn(y) is the character of the spin n/2 representation of su(2);
χn(y) = y
n + yn−2 + . . .+ y−n . (2.9)
χ0(y) = 1 and we adopt the convention that χ−1(y) = 0. Similarly, the semi-
short representation SS(j,m, n) yields the character,
Ij,m,n (τ, y) = τm+2j+2
[
(1 + τ2)χn(y)− τ (χn+1(y) + χn−1(y))
]
= τ2j+2Im,n (τ, y) .
(2.10)
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For a generic osp(4∗|4) invariant theory, with (semi-) short spectrum,
S =
(
dH⊕
m=0
N (m,m)S(m,m)
)
⊕
(
dH⊕
m=n+1
dH−1⊕
n=0
N (m,n)S(m,n)
)
⊕

dH−1⊕
m=n
dH−1⊕
n=0
⊕
j∈ 1
2
Z>0
N (j,m,n)SS(j,m, n)

 .
(2.11)
The upper bounds in the direct sums in equation (2.11) come from the geometric
constraint that the holomorphic and antiholomorphic degrees p and q of any form
are both bounded by 2dH .
The superconformal index can be expressed in terms4 ofN (m,m), N (m,n), N (j,m,n) ∈
Z>0[Z,Z
−1] as,
Z(τ, y;Z) =
dH∑
m=0
N (m,m)Im,m (τ, y)−
dH∑
m=1
N (m,m−1)(Z)Im,m−1 (τ, y)
+
∞∑
m=n+2
dH−1∑
n=0
(−1)m−n N˜ (m,n)(Z)Im,n (τ, y) ,
(2.12)
where for m > n+ 2, we have,
N˜m,n(Z) = N (m,n)(Z) +
m−n−2∑
k=max{0,m−1−dH}
(−1)k+1N (k/2,m−2−k,n)(Z) . (2.13)
Given the value of the index I as a function of τ and y it is possible to read off
the numbers N (m,m), N (m+1,m) and N˜ (m,n). The alternating signs in the expres-
sion for N˜m,n correspond to potential cancellations between different (semi-)short
multiplets contributing to the index. In some special cases these cancellations
are absent, and we can therefore uniquely determine the degeneracies of the cor-
responding multiplets. Specifically, we can uniquely determine the numbers of
1/2-BPS short multiplets S(m,m), 1/4-BPS short multiplets S(n + 1, n), and
also the semishort representations SS(j, dH − 1, dH − 1). However, for the other
short and semi-short multiplets of osp(4∗|4) the index instead provides a lower
bound for the degeneracies of these states.
As mentioned above, Singleton constructed a geometric action of osp(4∗|4) on
the space of differential forms on a hyperKa¨hler cone X . After the change of
basis from D to L0, the inner product on the space of forms becomes,
(α, β) =
∫
X
d4dHx
√
gα ∧ βe−µK , (2.14)
4The polynomials N (m,n) and N (j,m,n) are characters of the global symmetry. When the global
symmetry is non-Abelian, the polynomials will be invariant under the corresponding Weyl group. We
will see that the N (m,m) have no Z dependence for all cases we investigate.
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where 4dH = dimRX , and K is the function on X corresponding to the special
conformal generator K. In the case of flat affine space X = R4n = C2n the index
can be calculated easily. In this case, the representatives in each superconformal
multiplet which contribute to the index are in one to one correspondence with
the holomorphic forms on the target space. The following analysis of the index
is only rigorously correct for the flat space case, but will suggest a regularised
definition of the index in the general case. The resulting index is a trace over the
space of forms with vanishing H-eigenvalue on X graded by the triholomorphic
isometries of the manifold, GH , a Lie group whose Cartan subalgebra is generated
by Ji, and two Cartan elements of the little group su(1|2),
ZX = trΩ∗(X )
(
(−)M+Ne−βHyNτ−M−2J3
∏
i
zJii
)
. (2.15)
More precisely, the trace is over the space of forms which are normalisable with
respect to the inner product (2.14).
If we choose a particular complex structure, the hyperKa¨hler space X becomes
a holomorphic symplectic manifold. The R-symmetry on X yields a holomorphic
C×-action on X under which the holomorphic symplectic form has charge 2. It
is generated by a vector field VR. On flat space, for a ∈ C× it acts as z 7→ az
and z¯ 7→ a−1z¯. In general, the induced action on forms is given by
LVR = −M+N− 2J3 . (2.16)
From this, we see that we can write
ZX = trΩ∗(X )
(
(−)M+Ne−βH
(y
τ
)N
τR
∏
i
zJii
)
. (2.17)
As mentioned above, the ground states contributing to the index can be iden-
tified with cohomology classes of the supercharge s. From [42] chapter 7, we
know that if β is any form on X and α = βe−µK , then
sα =
1√
µ
∂β e−µK . (2.18)
Hence, s acts as a Dolbeault operator, up to the overall exponential factor and
ZX formally coincides with an index of the corresponding Dolbeault complex.
The condition of finite norm under (2.14) determines the space of forms we
should consider. In the case of affine space X = C2n with complex coordinates
(qi, q˜i), i = 1, . . . , n, the inner product is given by (2.14) with K =
∑
i(|qi|2 +
|q˜i|2). In this case one finds that the Hilbert space is
{states with E = 0} ∼= C[q, q˜, dq, dq˜] , (2.19)
where the right hand side is the space of polynomials in the Grassmann even q
and q˜ and the Grassmann odd dq and dq˜. In otherwords, the states annihilated
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by H are precisely the polynomial-valued holomorphic forms on X = C2n and
the supercharge s can be identified with the Dolbeault operator ∂¯ acting on these
forms. Each monomial has a definite C×-grade corresponding to its degree which
is essentially the dimension of the corresponding state. Thus, it is natural to work
in the basis of homogeneous polynomials. (See [42] section 7.3 for further details
of the flat space case).
The flat space result reviewed above can also be described in a slightly different
way: the cohomology of the Dolbeault operator on polynomial-valued holomor-
phic forms also coincides with the sheaf cohomology of the affine variety X = C2n
in the Zariski topology. Thus, the analytic Dolbeault cohomology of C2n with fi-
nite norm under the inner product is equal to the sheaf cohomology in the Zariski
topology, provided that we restrict our attention to forms of finite C×-grade. We
will assume that this identification also holds for a general hyperKa¨hler cone and
hence we think of X as a variety from now on and assume that the space of
E = 0 states is given by Dolbeault cohomology in the Zariski topology giving,
ZX =
2dH∑
p,q=0
(−)p+q
(y
τ
)p−dH
trHp,q(X )
(
τR
∏
i
zJii
)
. (2.20)
With this, we can use Dolbeault’s theorem to write
ZX =
2dH∑
p,q=0
(−)p+q
(y
τ
)p−dH
trHq(X ,Ap(X ))
(
τR
∏
i
zJii
)
. (2.21)
Dolbeault’s theorem (see [17]) states that for M a complex manifold
Hq(M ;Ap(M)) = Hp,q(M) , (2.22)
where the right hand side is the ∂¯-Dolbeault cohomology, and the left hand side
is the sheaf cohomology of Ap(M), the sheaf of holomorphic p-forms on M .
The problem with this definition of the superconformal index is that, in most
examples, hyperKa¨hler cones are not smooth. They have singularities, notably
at the origin of the cone, but also along subspaces that intersect the origin. The
space of forms is not defined at the singularities. Only for p = 0 is the summand
well-defined. In order to define our index, it is necessary that we introduce some
form of regularisation. In this work, we propose that the Dolbeault cohomology
of the projective symplectic resolution of X is the appropriate regularisation.
As above, we specifically mean the Dolbeault cohomology with respect to the
Zariski topology, where this restriction from the analytic topology to the Zariski
topology is a consequence of the finite norm restriction under the inner product
(2.14).
We define a projective symplectic resolution. For the definition of words such
as proper, projective etc. see [18]. A symplectic variety X , is a variety, with
an open set of smooth points X reg on which is defined a holomorphic symplectic
2-form.
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Definition 2. For X a symplectic variety, a resolution of X is a proper surjective
morphism, π : X˜ → X , such that X˜ is smooth, and π−1(X reg) → X reg is an
isomorphism. If π is a projective morphism, then this a projective resolution.
A symplectic resolution is one where π∗ω, the pullback of the symplectic form
on X reg, the open set of smooth points in X , can be extended to a symplectic form
on all of X˜ .
We will assume that a projective symplectic resolution of X , X˜ , exists. This
is certainly the case for a large class of hyperKa¨hler cones X corresponding to
Nakajima quiver varieties. We briefly recall their definition.
A quiver Γ = (V,Ω) is a set V of vertices and Ω a set of arrows, h = (i, j) ∈ Ω
corresponds to i → j for i, j ∈ V , we write in(h) = i, out(h) = j. We then
provide the data k ∈ ZV>0, N ∈ ZV>0; and ζ ∈ R3V . With this, we define the affine
space of complex matrices
M ≡M(k,N) :=
⊕
(i,j)∈Ω
Hom
(
C
ki ,Ckj
)
⊕Hom
(
C
kj ,Cki
)
⊕
⊕
i∈V
Hom
(
C
Ni ,Cki
)
⊕Hom
(
C
ki ,CNi
)
∼= (C2)
∑
(i,j)∈Ω kikj+
∑
i∈V kiNi .
(2.23)
This space is hyperKa¨hler. Elements (X, X˜, q, q˜) ≡ (Xij , X˜ij , qi, q˜i)i,j ∈M trans-
form under g ∈ G ≡ Gk =
∏
iGL(C
ki) as
(Xij , X˜ij , qi, q˜i) 7→ (gjXijg−1i , giX˜ijg−1j , giqi, q˜ig−1i ) . (2.24)
This action is smooth (except for the zeroes), Hamiltonian, isometric and tri-
holomorphic. So, we have three moment maps
µR := [X,X
†] + [X˜, X˜†] + qq† − q˜†q˜ ∈
∏
a∈V
u(ka) ,
µC := [X, X˜ ] + qq˜ ∈
∏
a∈V
gl(ka) .
(2.25)
We define the Nakajima quiver variety as
MζR,ζC ≡MζR,ζC(k,N) := µ−1R (ζR) ∩ µ−1C (ζC)/G . (2.26)
A Nakajima quiver variety is hyperKa¨hler by virtue of the hyperKa¨hler quotient
construction.
Such varieties arise as the Higgs branch moduli space of eight supercharge
quiver gauge theories, where ~ζ correspond to the Fayet-Iliopoulos parameters
in the field theory Lagrangian. Setting these parameters to zero, the singular
or unresolved Nakajima quiver X = M0 := ~µ−1(0)/G is a hyperKa¨hler cone
with a triholomorphic homothety and thus gives rise to osp(4∗|4) superconformal
quantum mechanics.
Often, there are values of the level set ~ζ ∈ R3 ⊗ π1(G)∨ ∼= R3V such that
M~ζ := ~µ
−1(~ζ)/G is smooth, thus providing a resolution of the singularity. The
values of ζ such that M~ζ is smooth are known as generic values. Either there
are no generic values, or they form a subset of R3⊗π1(G)∨ whose complement is
codimension 3. The C×-action generated by R that we grade by is only defined
if ζC = 0. In this case, for (ζR, 0) is generic, the resulting manifold, MζR,0, is a
projective symplectic resolution of the singular space M0. From [16], we know
that all holomorphic Hamiltonian vector field actions on M0 lift to an action on
the projective symplectic resolution M~ζ , thus the resolution is equivariant.
In the following we will often specialize to the case of a singular Nakajima
quiver variety X := M0 and its resolution X˜ := MζR,0, where (ζR, 0) is generic.
In the more general case of a hyperKa¨hler cone that is not a Nakajima quiver
variety, we restrict to cones such that the projective symplectic resolution exists,
and that it is equivariant with respect to the C× × GH action. We will abuse
notation by using Ji and R to denote the corresponding actions on X˜ .
We are now ready to define our regularised superconformal index, Z:
Z(X˜ ; τ, y, Z) : =
2dH∑
p,q=0
(−)p+q
(y
τ
)p−dH
trHq(X˜ ,Ap(X˜ ))
(
τR
∏
i
zJii
)
. (2.27)
Note that Z is an analog of the Hirzebruch χ−y-genus of X˜ .
For a hyperKa¨hler cone X with a C×-action such that the space of polynomial-
valued holomorphic functions on X is non-negatively graded under C×, the ze-
roeth graded component being solely the constant functions, and the holomorphic
symplectic form is homogeneous with respect to this grading, Namikawa in [36]
showed that there are only finitely many non-isomorphic projective symplectic
resolutions of X = M0. We may ask, given two non-isomorphic equivariant
projective symplectic resolutions of X , X˜ and X˜ ′, do they have the same su-
perconformal index? If this is the case, then the index computed on X˜ can be
regarded as an invariant of X , and our regularisation by working on the resolution
makes sense. We conjecture that this is indeed the case for all such hyperKa¨hler
cones, and will write
Z ≡ Z(X ) . (2.28)
We will present various pieces of evidence for this in the following. In particular
we will prove that this property holds in various limits and specialisations of
the index. We also perform some explicit calculations to verify this property for
quivers of low dimension.
First, we note that that any choice of projective symplectic resolution of a
Nakajima quiver variety will give the same index if we set τ to 1. This is because
of the following theorem:
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Theorem 2. (A simple generalisation of 3.4 in [39]) If ~ζ and ~ζ ′ are both generic,
then M~ζ and M~ζ′ are GH-equivariant diffeomorphic.
Essentially this theorem holds because provided we forget about the C×-
grading by setting τ = 1 we are free to turn on ζC, and so can form a homo-
topically unique path through regular values from one resolution to the other.
This ceases to be true if we turn on τ , which grades with respect to a preferred
complex structure. To preserve the C×-grading we are required to set ζC = 0
and typically the space of generic values on this slice of the parameter space is
disconnected by walls of codimension one. So we are claiming that there is no
wall crossing for the superconformal index of a resolved Nakajima quiver variety.
We discuss this in more detail in Appendix B with examples.
Two further pieces of evidence for our conjecture are that two limits of the
superconformal index discussed in section 3.1, the Poincare´ polynomial and the
Hilbert series, are known to be the same for different resolutions. The Poincare´
polynomial does not depend on the choice of resolution, because all resolutions
are diffeomorphic. The Hilbert series does not depend on the choice of resolution,
because it is equal to the count of holomorphic functions on the unresolved
space, [23].
2.1 Localisation
Now that we have defined the index, it remains to compute it. We show that in
many cases the superconformal index can be computed exactly. We write T for
the maximal torus of C××GH , and will assume that X has a unique fixed point
under T and that X˜ has finitely many fixed points under T . This is indeed the
case for all Nakajima quiver varieties that we investigate in this paper.
We will express Z as a sum of equivariant Euler characters of equivariant
sheaves. This means that we are able to use localisation theorems from equivari-
ant K-theory to exactly compute Z as a sum over fixed points. Writing χT for
the T -equivariant Euler character, it is defined for any holomorphic T -equivariant
coherent sheaf V as
χT (V) :=
2dH∑
i=0
(−)i chT H i(X˜ ,V) . (2.29)
It is immediate from equation (2.27) that
Z(X ; τ, y, Z) :=
2dH∑
p=0
(−)p
(y
τ
)p−dH
χT (A
p(X˜ )) . (2.30)
We pause to note the importance of the factor of τdH−p. If we had not taken
this factor out, then we would have been grading with respect to −M − 2J3.
This is an action on the space of forms, but not an action on the base manifold
and hence we cannot form an equivariant action on the sheaves with this action.
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However, R and Ji are actions on X , and hence we have written Z as a sum of
equivariant Euler characters.
The localisation theorem for equivariant K-theory is due to [44], though a
prelimary version is in [5]. This theorem tells us that the natural inclusion map,
ι : X˜ T → X˜ , of the T -fixed points of X˜ into X˜ induces a homomorphism, ι∗, that
is an isomorphism after localisation.
Proposition 1. (from [35]) Let V be a T -equivariant locally free sheaf on X˜ .
Then we have that
χT (V) =
∑
x∈X˜T
ι∗x(V)PE[chT (T ∗x X˜ ; τ, Z)] . (2.31)
Here X˜ T is the space of T -fixed points of X˜ , ιx : {x} →֒ X˜ is the inclusion of the
fixed point x in X˜ , and χ is the C× ×GH -equivariant Euler character.
PE is the plethystic exponential. It is defined as
PE[f(t1, . . . , tn)] := exp
(
∞∑
r=1
f(tr1, . . . , t
r
n)
r
)
. (2.32)
The plethystic exponential of a polynomial is as follows
PE

∑
i
ti −
∑
j
sj

 =
∏
j(1− sj)∏
i(1− ti)
, (2.33)
where the ti and sj are monomials.
We can now compute our superconformal index using localisation.
Z(X ) =
2dH∑
p=0
(−)p
(y
τ
)p−dH
χ(Ap(X˜ ); τ, Z)
=
2dH∑
p=0
(−)p
(y
τ
)p−dH ∑
x∈X˜T
chT (Λ
p(T ∗x X˜ ); τ, Z)PE[chT (T ∗x X˜ ; τ, Z)]
=
(
τ
y
)dH ∑
x∈X˜T
PE
[(
1− y
τ
)
chT (T
∗
x X˜ ; τ, Z)
]
.
(2.34)
We introduce the following notation for the contribution at each fixed point,
Z ≡
(
τ
y
)dH ∑
x∈X˜T
Zx
≡
(
τ
y
)dH ∑
x∈X˜T
PE
[(
1− y
τ
) ∑
α∈Jx
mα(τ, Z)
]
,
(2.35)
where α = (α0, γ), α0 ∈ Z and γ is a weight of GH ; mα(τ, Z) = τα0Zγ is a
monomial; and Jx is the collection of T -weights of the module T ∗x (X˜ ).
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An alternative procedure to evaluating these quantities is via the use of the
Jeffrey-Kirwan localisation theorem, [22]. This theorem is for the evaluation
of the integral of a form over a symplectic quotient. In the case that X˜ is a
hyperKa¨hler quotient, we can reduce the evaluation of Z(X ) to this problem via
the use of Grothendieck-Riemann-Roch theorem. We can then use the different
choices of chambers in the Jeffrey-Kirwan residue, corresponding to the different
choices of resolutions, to explicitly see that the superconformal index does not
depend on the choice of resolution.
3 Properties of the superconformal index
In order for Z(X ) defined above to be a superconformal index of osp(4∗|4) rep-
resentations, it is necessary that it coincides with the form predicted in (2.12).
Notably, there must be a Z[Z±1]-expansion in 1/2- and 1/4-BPS su(1|2) char-
acters, and the coefficients of all 1/2-BPS representations are positive integers
with no Z-dependence5. We shall show that this is true, at least for all examples
we investigate.
We use the result in appendix A.2, this tells us that if Z obeys four equations
then it obeys the necessary property to be a osp(4∗|4) superconformal index
listed above. There is a further positivity condition imposed on the coefficient
of the semishort representations SS(j/2, dH − 1, dH − 1). We show this is indeed
true by investigating what we call the Hilbert series limit of the superconformal
index.
The four equations are
Z(τ, y, Z) = Z(τ, 1/y, Z) . (3.1)
Writing
Z(τ, y, Z) =
∞∑
a=0
dH∑
b=−dH
αa,b(Z)τ
ayb =
∞∑
a=0
m∑
b=−m
αa,b(Z)τ
a+b
(y
τ
)b
, (3.2)
we have
αa,b = 0 for a < |b| , (3.3)
Z(τ, τ, Z) ∈ Z>0 , so that d
dτ
Z(τ, τ, Z) = d
dzi
Z(τ, τ, Z) = 0 , and (3.4)
lim
τ→0
y/τ finite
Z(τ, y, Z) =
dH∑
a=0
αa,−a(Z)
(
τ
y
)a
∈ Z>0
[
τ
y
]
. (3.5)
5Note that there is a condition on the coefficients of the 1/4-BPS states S(n + 1, n). We do not
investigate this condition in this paper.
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Note that equation (3.1) is manifest6. This follows because the fugacity y
corresponds to the Cartan generator of the SU(2) Lefschetz action, whose raising
operator is wedging with ωC. The resulting y 7→ 1/y symmetry is known as Serre
duality. Equation (3.4) is true for all examples where the resolution has isolated
fixed points and equation (3.5) is true for all Nakajima quiver varieties.
We show that equation (3.3) holds in all examples we investigate. In all ex-
amples we investigate we find that the y 7→ 1/y symmetry is preserved at the
level of the fixed point contributions to Z. We shall use to show that in a Taylor
expansion in powers of τ , for all monomials of the form τayb we have a > |b|.
In the superconformal index, the contribution from each fixed points has a
factor of 1 − τ/y in the plethystic exponential. Assuming a y 7→ 1/y symme-
try at each fixed point, there must also be a factor of 1 − yτ . Furthermore,
since the solution is a finite polynomial in y, we expect to be able to write the
superconformal index as
Z =
∑
x∈X˜T
PE [px(τ, Z)(1 − τy)(1− τ/y)] , (3.6)
where px is a Laurent polynomial in τ and Z with positive integer coefficients,
px(τ, Z) ∈ Z>0[τ±1, Z±1]. One can then directly calculate that equation (3.3)
does indeed hold for every fixed point.
Note that in order for equation (3.6), it is necessary that, for x a T -fixed point
of X˜ ,
chT (T
∗
x (X˜ ); τ, Z) = px(τ−1, Z−1) + τ2px(τ, Z) . (3.7)
Equation (3.4), that the superconformal index at τ = y is a positive integer,
is an immediate consequence of equation (2.34).
In order to conclude that Z(X ) is in the form of a osp(4∗|4) superconformal
index it is necessary that equation (3.5) holds, namely
lim
τ→0
y/τ finite
ZX (τ, y, Z) ∈ Z>0
[y
τ
]
. (3.8)
We shall show this in the next subsection for all Nakajima quiver varieties. It
follows from the fact that the τ → 0 limit with y/τ fixed of the superconformal
index is the Hirzebruch χ−y-genus of the C
×-fixed point submanifold7. From [29],
it is known that this submanifold is compact, and hence the superconformal index
is the Poincare´ polynomial, and moreover it is known the space’s odd homology
vanishes. Hence the superconformal index is a positive polynomial, the fact that
ZX (τ, τ, Z) ∈ Z>0 means that the τ → 0 limit cannot depend on Z.
6If we taken τ to be the fugacity for the scaling symmetry, R, this would be equivalent to using
a fugacity y˜ := yτ to count the p-grading of a (p, q)-form. We would have had less trouble using
equivariant localisation theorems, but at the cost of losing the manifest y 7→ 1/y symmetry.
7It is not a superconformal index, as this space is not the resolution of a cone.
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3.1 Limits of the superconformal index
In this subsection, we shall consider three limits of the superconformal index
which exhibit interesting behaviour. In particular, we consider limits where the
superconformal index reduces to the the Poincare´ polynomial of X and to its
Hilbert series. Finally, we show that if one hyperKa¨hler cone Y is contained
inside another X as a fixed point subspace of a triholomorphic isometry then
there is a limit in which the superconformal index of X reduces to that of Y.
We start by considering the generating series for Borel-Moore homology. For
M a manifold (possibly non-compact), the Borel-Moore homology ofM is defined
as the relative singular homology of the one point compactification ofM , M¯ , with
respect to the point at infinity, and so for compact manifolds the Borel-Moore
homology is identical to the singular homology.
HBM∗ (M) := H∗(M¯ , {∞}) . (3.9)
Pick a C×-action on X˜ defined by some
λ : C× →֒ C× × TH = T ∼= (C×)r+1 . (3.10)
We assume that this is a generic action, this means that it has isolated fixed
points. We further assume that limt1→0 λ(t1) = ∞. We have defined r :=
rk(GH).
Theorem 3.7 (3) and (4) of [34] easily lift to any Nakajima quiver variety with
isolated fixed points. It tells us that the homology vanishes at odd degree; is
freely generated at even degree; and that each fixed point contributes a single
generator, whose homology degree is given by the dimension of the (+)-attracting
set at that point. That is, for x ∈ X˜ T a fixed point, the (+)-attracting set is
Sx = {p ∈ X˜
∣∣ lim
t→0
λ(t) · p = x} . (3.11)
We then define the Poincare´ polynomial as the generating function of equivariant
Borel-Moore homology:
PX˜ (q) :=
2dH∑
i=0
dim
(
HBM2i (X˜ )
)
qi
=
∑
x∈X˜T
qdimC Sx .
(3.12)
We now show that the contribution to the superconformal index at each fixed
point of X˜ , contains information about the dimension of the (+)-attracting set.
A generic choice of λ is given by
λ(t) = (tm, tn1 , . . . , tnr) (3.13)
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for some
0 > n1 > · · · > nr ≫ m. (3.14)
We write our superconformal index as a function of the fugacities y˜, τ, Z, where
y˜ = y/τ . Then one makes the following replacements for the fugacities appearing
in the formula (2.34) for ZX ;
τ 7→ sm , zi 7→ sni , (3.15)
for s a non-zero complex number. Finally, one takes the limit s → 0. Because
the powers of s appearing in the numerator and denominator of each factor of Zx
agree, the limit of the index is a Laurent polynomial in y˜ with positive integer
coefficients.
For a particular fixed point, x ∈ X˜ T , one has a product of the form
Zx(y˜, s) = y˜−dH
∏
α∈Jx
1− y˜sα0m+
∑
i γini
1− sα0m+
∑
i γini
=: y˜−dH
∏
α∈Jx
1− y˜sℓα
1− sℓα ,
(3.16)
where we have defined ℓα := α0m +
∑
i γini. Note that the C
×-action being
generic necessarily means that ℓα 6= 0 for all α ∈ Jx for all x ∈ X˜ T . We then
take the limit s→ 0 and obtain
lim
s→0
Zx = y˜−dH+|{α:ℓα<0}| (3.17)
Since the sign of ℓα tells us about whether the tangent direction α at the fixed
point is an attracting or repelling one, we have that |{α|ℓα < 0}| = dimC Sx.
Thus, the Poincare´ polynomial is given by
PX˜ (y˜) = y˜
dH lim
s→0
ZX (y˜, τ = sm, zi = smi) . (3.18)
Since the superconformal index is a grading under su(1|2) and global symme-
tries GH , it has a character expansion as
Z =
∑
R1,R2
χsu(1|2)(R1; τ, y)χGH (R2;Z) , (3.19)
where the sum is over finite dimensional irreducible representations of su(1|2) and
GH ; and χG(R;W ) is the character of the representation R of G, with fugacities
w1, . . . , wrk(G).
In equation (2.8), we find the characters of all finite dimensional irreducible
representations of su(1|2). Importantly, if we set τ = y, then we see that the
only non-zero contributions to the index are from the 1/2-BPS short multiplets
S(m,m), which each contribute unity to the superconformal index. If we look in
the formula (2.34) for the superconformal index, we see that we get contribution
of 1 for each fixed point, so we may identify each fixed point with a 1/2-BPS
multiplet.
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If we keep τ/y fixed while sending τ as well as the fugacities Z to zero we
compute the Poincare´ polynomial with grading by homological degree. Since the
1/2-BPS states are necessarily invariant under GH (see [2]), one can see that the
only terms that survive in Z are the 1/2-BPS multiplets. Their contribution is
(τ/y)m, where m is the highest power of y that was in the su(1|2) character.
This means that if P =
∑dH
n=0 b2nq
n is the Poincare´ polynomial8 of X˜ , then we
can reconstruct the 1/2-BPS state spectrum as
H1/2-BPS =
dH⊕
n=0
b2(dH−n)S(n, n) . (3.20)
Note that this is nothing more than the statement that the 1/2-BPS multi-
plets of the superconformal algebra are in one-to-one correspondence with the
compactly supported cohomology classes of X˜ , and Poincare´ duality relates this
to the Borel-Moore homology. In the case where X is the moduli space of Yang-
Mills instantons, this correspondence was anticipated in [2].
Equation (3.20) clearly shows that the multiplicities of 1/2-BPS states are
non-negative integers independent of the flavour fugacities. Together with the
earlier results in this section, this means that Z satisfies all the criteria imposed
by the condition that it is a superconformal index of an osp(4∗|4) representation.
In the works [20, 21], Hausel gives the generating function for the Poincare´
polynomial of any Nakajima quiver variety. Assuming that the variety has iso-
lated fixed points, we can then use this to give the full 1/2-BPS spectrum of the
theory.
While further results such as [27], mean that for A-type quivers, as well as the
Coulomb branch of DE-type quivers, the 1/2-BPS states highest states are given
by the fusion product of fundamental Kirillov-Reshitikhin modules of ADE-type,
and can be given by Hatayama’s fermionic form [19].
Now we discuss the Hilbert series limit of the superconformal index. In the
works [8–12], the Hilbert series, HS, is the count of polynomial valued holomor-
phic functions on X graded by global symmetries and the C×-action. Note that
for any variety Y , Γ(Y,OY ) is defined as the space of polynomial valued global
holomorphic functions on Y . The Hilbert series is
HS(X ) = trΓ(X ,OX )
(
τR
∏
i
zJii
)
. (3.21)
8The reason that this sum goes up to dH and not to 2dH as one might naively expect, is because for
Nakajima quiver varieties X is homotopic to one of its Lagrangian subvarieties, for example see [16].
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One can easily see from the definition of Z that the coefficient of ydH di-
vided by τdH is χ(OX˜ ), the equivariant Euler character of the structure sheaf.
Explicitly,
lim
y→∞
y−dH τ−dHZX =
2dH∑
q=0
(−)qtrH0,q(X˜ )
(
τR
∏
i
zJii
)
. (3.22)
For Nakajima quiver varieties, we have that the space of holomorphic functions
on X˜ and X are isomorphic as graded Poisson algebras. Namely,
π∗ : Γ(X ,OX )→ Γ(X˜ ,OX˜ ) (3.23)
is an isomorphism of graded Poisson algebras, see [23].
We further have (from [16]) that for all q > 0,
Hq(X˜ ,OX˜ ) = 0 . (3.24)
This means that for Nakajima quiver varieties the coefficient of yd in Z di-
vided by τd is the Hilbert series9
HS(X ) = lim
y→∞
y−dH τ−dHZX . (3.25)
Like the limit corresponding to the Poincare polynomial, the Hilbert series limit
also yields a precise counting of certain superconformal multiplets. In particular,
a holomorphic function of charge r ∈ N0 under the C×-action generated by R
corresponds to a (semi)-short multiplet,
S(dH , dH) for r = 0 ,
S(dH , dH − 1) for r = 1 ,
SS(R/2− 1, dH − 1, dH − 1) for r ≥ 2 .
This means that
HS(X ) = N (dH ,dH ) +N (dH ,dH−1)τ +
∞∑
r=2
N (r/2−1,dH−1,dH−1)τ r . (3.26)
Finally, we discuss the limit of the superconformal index that gives the super-
conformal index of a fixed point subspace. Let X be a hyperKa¨hler cone, X˜ its
projective symplectic resolution with isolated fixed points under T = C× × TH .
If N˜ ⊂ X˜ is the fixed point subspace (generally not connected) under a closed
Lie subgroup of isometries T ′ ⊂ TH , then we have that N˜ will be the projective
symplectic resolution of a disjoint union of hyperKa¨hler cones N . This follows
from the fact that the resolution is TH -equivariant.
9Note because of the y 7→ 1/y symmetry, one can swap the limit of y to ∞ for a limit of y to 0, at
the cost of multiplying by ydH instead of y−dH .
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The superconformal index of N will be graded by C× × TH/T ′. Suppose
without loss of generality that T ′ = U(1) (without loss of generality as we can do
this rkT ′ times). We write z˜i for i = 1, . . . , rk TH − 1 as the fugacities of TH/T ′.
The inclusion of T ′ into TH defines a relabelling of fugacities zi 7→ sfi z˜i′(i), where
fi ∈ Z and s is the fugacity for T ′ = U(1). The superconformal index of N
will be the superconformal index of X , but with the all cotangent directions at
a fixed point in X˜ that have any charge under s thrown away. One can achieve
this by sending s→ 0:
ZN (τ, y; Z˜) = lim
s→0
ZX (τ, y; sf1 z˜i′(1), . . . , sfrk(TH ) z˜i′(rk(TH ))) . (3.27)
A similar limit exists where we send τ → 0, restricting to the fixed point
submanifold of the C×-action, X˜C× . This necessarily breaks the hyperKa¨hler
structure, but the superconformal index, Z(X˜C×), is still defined. The space
X˜C× is projective and connected (lemma 7.3.3 and proposition 7.3.4 of [29]) for
all Nakajima quiver varieties. This means that the de Rham cohomology and
the Borel-Moore homology coincide. One can easily compute that
Z(X˜C×) =
(
τ
y
)dH−|{α∈Jx|α0<0}| ∑
x∈X˜C×
∏
(α0,γ)∈Jx
α0=0
1− yτZγ
1− Zγ
=
∑
r
tr
Hr(X˜C×)
(
(−)ryN
∏
i
zJii
)
.
(3.28)
It is known that the odd cohomology vanishes. So, we have that namely that
Z(X˜C×) ∈ Z>0((Z))[τ/y±1]. However, we also have that ZX (τ, τ) ∈ Z>0. From
this we may conclude that
lim
τ→0
y
τ
fixed
Z(X˜C×) ∈ Z>0
[
τ
y
]
. (3.29)
This confirms that equation (3.5) does indeed hold, and hence the superconfor-
mal index does obey the necessary properties to be a superconformal index of
osp(4∗|4).
We consider a simple example to illustrate each of the different limits. Take
C4, with coordinate ring C[X1, X˜1,X2, X˜2]. Xi is charged
10 as τsi and X˜i is
charged as τ/si for i=1,2. τ/si and τsi are fugacities for C
×
i,1×C×i,2 rotating the
target space C2i = Ci,1 × Ci,2. The diagonal subgroup of C×1,1 × C×1,2 is counted
with the same fugacity as the diagonal subgroup of C×2,1 × C×2,2, this is the C×
generated by R. dXi and dX˜i are charged as ysi and y/si respectively, where
the fugacity y is for a C×y that rotates the cotangent fibres. The superconformal
index is,
ZC4(τ, y; s1, s2) =
(
τ
y
)2 2∏
i=1
(1− ysi)(1− y/si)
(1− τsi)(1− τ/si) . (3.30)
10One should think of this as the charge of the operator given by multiplication by Xi, and similarly
for the other variables.
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The Hilbert series is the coefficient of the highest power of y divided by τ2,
HS(C4) =
2∏
i=1
1
(1− τsi)(1− τ/si) . (3.31)
The Borel-Moore homology of C4 has only one generator, the fundamental class
[C4]. Hence
HBMi (C
4) =
{
Z if i = 8 ,
0 otherwise.
(3.32)
To form the Poincare´ polynomial we rewrite Z in terms of y˜, τ 7→ s−5, s1 7→ s−2,
and s2 7→ s−1. This gives
ZC4(s−5, s−5y˜; s−2, s−1) = y˜−2
(1− y˜s−7)(1− y˜s−3)(1− y˜s−6)(1− y˜s−4)
(1− s−7)(1− s−3)(1− s−6)(1− s−4) .
(3.33)
From this we see
PC4(y˜) = y˜
4 = y˜2 lim
s→0
ZC4(s−5, s−5y˜; s−2, s−1) . (3.34)
We consider restricting to the hyperKa¨hler submanifold invariant under the sub-
group {(x, 1/x)|x ∈ C×} ⊂ C×1,1 × C×1,2, namely C2,1 × C2,2. We do this by
discarding all generators with non-zero power of s1. To take this limit, we take
the limit s1 → 0 in the index. This gives
ZC2(τ, y; s2) =
τ
y
(1− ys2)(1 − y/s2)
(1− τs2)(1 − τ/s2) . (3.35)
We then get the Hilbert series by taking the highest power of y divided by τ ,
HS(C2) =
1
(1− τs2)(1 − τ/s2) , (3.36)
while the Poincare´ polynomial is
PC2(y˜) = y˜
2 = y˜ lim
s→0
ZC4(s−5, s−5y˜; s−2) . (3.37)
4 Examples
4.1 Instanton moduli space
k N
Figure 1: The ADHM quiver.
The Nakajima quiver variety associated to the ADHM quiver, in figure 1,
has known fixed points, with the associated tangent space at the fixed point
calculated in [28,37]. The global symmetry is
GH = SU(N)× SU(2) , (4.1)
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where the SU(N) is the flavour symmetry associated to the box and the SU(2) is
a flavour symmetry associated to the adjoint of U(k). The fields areX, X˜ ∈End(Ck),
Q ∈Hom(CN ,Ck) and Q˜ ∈Hom(Ck,CN ). The moment map equations defining
the quiver are known as the ADHM equation, [4], and are
µR = [X,X
†] + [X˜, X˜†] +QQ† − Q˜†Q˜ ,
µC = [X, X˜ ] +QQ˜ .
(4.2)
We use fugacities z1, . . . , zN for SU(N) and x for SU(2).
The ADHM quiver has known fixed points under the action of the Cartan torus
of GH × C×, with the associated character of tangent space at the fixed point
calculated in [28,37]. The fixed points are given by N -coloured Young tableaux
of k. We define the functions of a box, s = (a, b), at row a and column b in the
ith partition Yi of a coloured Young tableau ~Y
fij(s) := −ai(s)− lj(s)− 1 , gij(s) := −ai(s) + lj(s) , (4.3)
where ai(s) := Yia − b the arm length and lj(s) := (Y ∨j )b − a the leg length
relative to Yj . We can write the superconformal index of the ADHM quiver as
Zk,N =
∑
{Yi}∑
i |Yi|=k
N∏
i,j=1
∏
s∈Yi
PE
[
τ gij(s)−1xfij(s)
zi
zj
(1− τ/y)(1 − τy)
]
,
(4.4)
where
{Yi}∑
i |Yi|=k
is the sum over the N -coloured Young tableaux corresponding to
all N -coloured partitions of k.
The superconformal index is therefore equal to the k instanton contribution
to the Nekrasov partition function of N = 1∗ five dimensional supersymmetric
Yang-Mills theory with gauge group SU(N) compactified to four dimensions on
a circle. This agrees with an earlier proposal for a superconformal index of the
ADHM moduli space quantum mechanics [24].
The dictionary between the parameters of the superconformal index and those
of the Nekrasov partition is as follows: the parameters τ and x are related to the
deformation parameters for the Ω-background via
τ = e
ǫ1+ǫ2
2 , x = e
ǫ1−ǫ2
2 ; (4.5)
if m is the mass of the adjoint hypermultiplet, then
y = em ; (4.6)
if ai for i = 1, . . . , N are the Coulomb branch parameters, then we have
zi = e
ai . (4.7)
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Here the five dimensional parameters are measured in units of the radius of the
compactification circle.
The Poincare´ polynomial limit of the superconformal index reproduces the
result
P (y˜) =
∑
{Yi}∑
i |Yi|=k
N∏
i=1
y˜2N |Yi|−2iℓ(Yi) . (4.8)
4.2 C2/Zn
In this subsection we work through an example where the orbifold cohomology
of [7] is the same as the cohomology of the symplectic resolution.
If X is a hyperKa¨hler orbifold, then the cohomological hyperKa¨hler resolution
conjecture states that if X˜ is a hyperKa¨hler resolution of X , then the cohomology
on X˜ is the orbifold cohomology on X . See conjecture 6.3 of [40] for the first
statement of this conjecture, and [41] for a slightly more sophisticated wording
of it. The orbifold cohomology was first defined in [7], the key point is that it
depends solely on X , and so is independent of the choice of resolution. It is
known to be true for the following example of C2/Zn. Due to how the orbifold
cohomology is constructed, when X is a hyperKa¨hler orbifold, the cohomology
of X˜ contains, as a subring, the cohomology of X .
Using the orbifold cohomology, we shall calculate the superconformal index,
and compare it to the localisation formulae. The quiver gauge theory we look at
can be found in figure 2. The unresolved hyperKa¨hler cone is C2/Zn, which has
an orbifold singularity at the origin.
1 1 . . . 1 1
1 1
Figure 2: The quiver whose corresponding unresolved variety is C2/Zn. There are n − 1
nodes, k = (1n−1) and N = (1, 0n−3, 0). When n = 2, N = (2), and the quiver is
known as T (SU(2)).
Chen Ruan cohomology involves taking the cohomology of the smooth part of
the manifold, as well as the addition of twisted sectors, which live at the orbifold
singularities. In the case of C2/Zn, there are n−1 twisted sectors, corresponding
to all non-identity elements11 of Zn. Each twisted sector is the point set, {∗}.
So we have
Hp,qorb(C
2/Zn) = H
p,q(C2/Zn)⊕Hp−1,q−1({∗}) . (4.9)
11The twisted sectors correspond to conjugacy classes in general, but this group is Abelian, so they
correspond to elements.
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The ordinary cohomology bigraded-ring, Hp,q(C2/Zn), is simply given by taking
Zn-invariant holomorphic forms. H
0,0({∗}) = 1 and Hp,q({∗}) = 0 for (p, q) 6=
(0, 0).
Hence, we have that the superconformal index defined by the Chen Ruan
cohomology is
Zorb(C2/Zn) = 1
n
n∑
i=1
τ
y
1− y(−z2)i/n
1− τ(−z2)i/n
1− y/(−z2)i/n
1− τ/(−z2)i/n + n− 1 . (4.10)
One can then test this against localisation formulae. Using the analysis of
section 4.3, we know there are n fixed points. Their contribution to the index is
Z(C2/Zn) =
n∑
a=1
PE
[
z2τk−2a
(
1− τ
y
)
(1− τy)
]
. (4.11)
One can check that equations (4.10) and (4.11) are indeed the same.
If we set τ = y to count the 1/2-BPS states, note that there is a contribution
of n− 1 from the twisted sectors.
4.3 A-type quivers
In this section, we compute the superconformal index for the case when X is a
Nakajima quiver variety of either A-type or Aˆ-type. We do this by using the
known answer for instanton moduli space, an observation by Nakajima in [31],
that A-type and Aˆ-type Nakajima quiver varieties are C×-fixed point submani-
folds of instanton moduli space.
We explain the construction in [31]. We take MζR,0 to be the resolved moduli
space of k SU(N) instantons on C2 of section 4.1. The construction takes a
certain C×-subgroup of T := C× × GH , and restricts MζR,0 to the fixed point
submanifold. This submanifold is a disjoint union of linear quivers.
We want the fixed points of the C× ∋ t1 action on the set µ−1C (0) given by
(X, X˜,Q, Q˜) 7→ (t1X, t−11 X˜,QρW (t1)−1, ρW (t1)Q˜) . (4.12)
This corresponds to a choice of homomorphism ρV : C
× → GL(Ck), such that
(t1X, t
−1
1 X˜,QρW (t1)
−1, ρW (t1)Q˜) = (ρV (t1)
−1XρV (t1), ρV (t1)
−1X˜ρV (t1), ρV (t1)
−1Q, Q˜ρV (t1)) .
(4.13)
ρV is a homomorphism, because the action of GL(C
k) is free on the space of
(X, X˜,Q, Q˜) that obey µR = ζR for ζR generic. A choice of conjugacy class
of ρV and ρW defines a particular linear quiver. The conjugacy class of ρV is
determined by an ~n ∈ Zk/Sk, such that
t1 7→


tn11
tn21
. . .
tnk1

 . (4.14)
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Similarly, ρW ’s conjugacy class is determined by ~m ∈ ZN/SN .
We order these integers from smallest to largest. Let p := min(m1, n1) and
q := max(nk,mN ). Define n := q − p+ 1. For a = 1, . . . , n, we define the spaces
Va = Eigenspace of C
k with eigenvalue tq+1−a1 ,
Wa = Eigenspace of C
N with eigenvalue tq+1−a1 .
(4.15)
Note that unless m1 > n1 and mN 6 nk, the fixed point set will be empty, so we
may as well take n = nk − n1 + 1.
The C×-fixed points respect the eigenspace structure of ρV and ρW : we see
from equation (4.13) that for v ∈ Vi,
t1Xv = ρV (t1)
−1XρV (t1)v = t
q+1−a
1 ρV (t1)
−1Xv ,
=⇒ ρV (t1)Xv = tq−a1 Xv .
(4.16)
This implies thatX : Va → Va+1. Similarly, t−11 X˜ = ρV (t1)−1X˜ρV (t1), QρW (t1)−1 =
ρV (t1)
−1Q and ρW (t1)Q˜ = Q˜ρV (t1) means
X : Va → Va+1 ,
X˜ : Va → Va−1 ,
Q : Wa → Va ,
Q˜ : Va →Wa .
(4.17)
So we exactly have the An linear quiver. We define
ka := dimVa , Na := dimWa . (4.18)
Calling the Nakajima quiver variety associated to the linear quiverM(ρV , ρW )
-we have found that∐
ρV
M(ρV , ρW ) = {C× fixed points of MζR,0} . (4.19)
In the evaluation of the superconformal index of the linear quiver, the analysis
of section 2.1 means that one need only consider the fixed points of the action
of T . As discussed in section 4.1, on instanton moduli space the fixed points
correspond to N -coloured Young tableaux of total size k. For a particular choice
of ρW , each fixed point will lie inside an individual linear quiver, corresponding
to some ρV . We explain here how to work out which ρV , and hence which linear
quiver, the fixed point is an element of. Note that since the fixed points are
invariant under the whole of (C×)N+2, they are invariant under the particular
C× we used to restrict to the linear quivers, and hence must lie in some linear
quiver.
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The Higgs branch of a linear quiver is non-empty if and only if it has a fixed
point under T . The only if is trivial, as the fixed point is an element of the Higgs
branch, while the other way is true because it must be closed under the action of
(C×)N+2, lie within instanton moduli space, and every point on instanton moduli
space flows under the action of (C×)N+2 to a fixed point, [34].
The fixed points are the maps X, X˜,Q, Q˜ such that µR = ζR and µC = 0, and
(φl − φm + ǫ1)Xlm = 0 ,
(φl − φm + ǫ2)X˜lm = 0 ,
(φl − ǫ1 + ǫ2
2
− ai)Qli = 0 ,
(φl +
ǫ1 + ǫ2
2
− ai)Q˜il = 0 ,
(4.20)
where l,m = 1, . . . , k and i = 1, . . . , N , and the (φl)l are diagonalised gauge
transformations. The coloured Young tableaux give us a way of reindexing the
numbers l = 1, . . . , k as (i, (α, β)) for (α, β) ∈ Yi and i = 1, . . . , N . 2Exactly k
components of the 2kN + 2k2 components of (X, X˜,Q, Q˜) are non-zero. They
are
Xi(α,β),i(α+1,β), X˜i(α,β),i(α,β+1), Q˜i(1,1),i 6= 0 . (4.21)
Suppose eais is a basis for C
k, for a = 1, . . . , n , i = 1, . . . , Na and s ∈ Yai,
and fai a basis for C
Na for a = 1, . . . , n, i = 1, . . . , Na. Then we have that
eai(1,1) ∈ Va, because Q˜ai(1,1) aifai ∝ eai(1,1) and Q˜ai(1,1) ai 6= 0. Now we see that
if (2, 1) ∈ Yai, then Xeai(2,1) ∝ eai(1,1), and so eai(2,1) ∈ Va−1. Through this, we
see that
eai(α,β) ∈ Va−α+β . (4.22)
This fully determines the value of the ka’s. Note that there can be values of a
where Na = 0 and ka 6= 0.
A special class of linear quivers are known as T ρσ
(
SU(M)
)
quivers. σ and ρ
are partitions of M determined by ρW and ρV . The ρ and σ are defined by
ρ∨i − ρ∨i = Ni and ki = ρ∨1 + · · · + ρ∨i − σ1 − · · · − σi. The quiver will not be a
T ρσ if the gauge group ranks do not define a partition through the equation for
ki before. However, if this is the case, the quiver is Seiberg dual to a T
ρ
σ , see
appendix B. The number of fixed points on the resolved space for a T ρσ
(
SU(M)
)
is
# of fixed points =
∑
ρ6ν6σ∨
KνρKν∨σ , (4.23)
whereKαβ are the Kostka numbers. This is due to the expression for the Poincare´
polynomial of A-type Nakajima quiver varieties in [38], and the fact that each
fixed point contributes a generator to the homology.
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1 2 . . . l . . . 2 1
N
Figure 3: An example of a linear quiver. It is a connected component of the resolved moduli
space of k = l2 SU(N) instantons on C2.
We look at an example, to show how the Young tableaux are chosen. Take the
linear quiver in figure 3
The coloured Young tableau that we restrict to are exactly the ones such that
∃ exactly l , s ∈ Yi s.t. s = (b, b) for some b ∈ N ,
∃ exactly l − 1 , s ∈ Yi s.t. s = (b− 1, b) for some b ∈ N ,
∃ exactly l − 1 , s ∈ Yi s.t. s = (b, b− 1) for some b ∈ N ,
∃ exactly l − 2 , s ∈ Yi s.t. s = (b− 2, b) for some b ∈ N ,
etc .
(4.24)
So if N = 1, the only pole is given by a single square Young tableaux of height
and width l.
We write the superconformal index for the linear quiver defined by the conju-
gacy classes of ρV and ρW . We restrict to the fixed points corresponding to the
linear quiver, scale the fugacities according to the C×-action and take the limit
x→ 0. This gives
ZρV ,ρW =
∑
{Ya,i}
ρV , ρW
n∏
a,b=1
Na∏
i=1
Nb∏
j=1
∏
s∈Ya,i
f(a,i)(b,j)(s)=a−b
PE
[
za,i
zb,j
τ g(a,i)(b,j)(s)−1(1− τ/y)(1− τy)
]
.
(4.25)
In this expression, the {Ya,i}ρV ,ρW means restricting the sum to all fixed points
corresponding to the linear quiver M(ρV , ρW ). Note that unlike the instan-
ton moduli space’s superconformal index, a generic box from a coloured Young
tableaux, associated to a fixed point within the manifold, need not contribute
an individual term to the index. Indeed, if this were so then the highest power
of y in the index would be kN , which is strictly greater than the quaternionic
dimension of M(ρV , ρW ).
Since the manifold is connected, and the contribution at each fixed point cor-
responds to the tangent space at that point, we would expect that the highest
power of y at each point would be the quaternionic dimension of the manifold
dimHM(ρV , ρw) =
∑
a(kaka+1 + kaNa − k2a). This is a non-trivial combinatorial
condition on the coloured Young tableaux that appears to be true.
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k1 . . .k2 knN
Figure 4: A quiver whose resolved space is a cotangent bundle to a flag variety.
From this we can conclude that
lim
ρW , x→0
Zk,N =
∑
ρV
ZρV ,ρW . (4.26)
This sum has multiplicity one for each ρV , but we might find that ZρV ,ρW = 0,
and we may also have two equivalent linear quivers for different ρV ’s, for example
(1)-(1)-[1] and [1]-(1)-(1). Furthermore, we may not have a connected quiver for
a specific ρV and ρW .
4.3.1 An example: cotangent bundles of flag varieties
We look at a special class of linear quivers, the ones in figure 4.
The quiver ranks obey N > k1 > k2 > · · · > kn > 0, otherwise the Higgs
branch is empty. The unresolved space is a nilpotent orbit, while the resolved
space is the cotangent bundle to the flag variety {Ckn →֒ Ckn−1 →֒ · · · →֒ CN}.
The calculation of the Hilbert series of this quiver was done via Lefschetz fixed
point theorem directly in [9], we find that our analysis exactly reproduces their
results for a choice of k and N such that it is a Tρ(SU(N)) theory.
Define the composition of N
l1 = kn , l2 = kn−1−kn , l3 = kn−2−kn−1 , . . . , ln = k1−k2 , ln+1 = N−k1 .
(4.27)
Since there is only one flavour node, and it is on the far left node, the fixed
points are coloured Young tableaux of length 1. They are given by l1 lots of (n),
l2 lots of (n − 1),. . . , ln lots of (1) and ln+1 lots of ∅. One then needs to sum
over the Weyl group SN modulo the Weyl group of the Levi subgroup,
W˜ :=
n+1∏
a=1
Sla . (4.28)
This is precisely the same parameterisation of the fixed points found in [9]. The
quaternionic dimension of the manifold is
dH :=
∑
a>b
lalb . (4.29)
Suppose Yi = (a) and Yj = (b), then we have that fij(s) is zero if and only if
b 6 a − 1 and s = (1, a) (the last box). For this box we have that gij(s) = −1.
Define the function on indices h : {1, . . . , N} → {0, 1, . . . , n} via
i = l1 + l2 + · · ·+ lh(i) + j , for j = 1, . . . , lh(i)+1 . (4.30)
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The superconformal index is
Z =
∑
w∈SN/W˜
∏
h(i)>h(j)
w

τ
y
(
1− zizj
y
τ
)(
1− zjzi τy
)
(
1− zizj
)(
1− zjzi τ2
)

 . (4.31)
The orbit under Seiberg duality of the quiver in figure 4 is a family of the same
structure, but with varying gauge ranks. There is an element of this orbit where
(l), the corresponding composition of N , is in fact a decreasing sequence, and so
defines a partition ρ = (ln+1, ln, . . . , l1). This quiver is the Tρ(SU(N))-quiver.
Note that the resolved space is the cotangent bundle to a flag variety, with
τ the grading for the C×-action rotating the cotangent fibre. This means that
if we set τ → 0 then we restrict to the flag variety itself. The flag variety is
projective and is a deformation retract of its cotangent bundle. This means that
the τ → 0 limit of the superconformal index is the Poincare´ polynomial of the
cotangent bundle to the flag variety, giving
PTρ(SU(N))(y˜) =
∑
σ∈SN/W˜
σ

 ∏
h(i)>h(j)
1− y˜ zizj
1− zizj

 . (4.32)
Using our own limit for the Poincare´ polynomial we obtain
PTρ(SU(N))(y˜) =
∑
σ∈SN/W˜
y˜ℓ(σ) ,
(4.33)
where ℓ(σ) is the length of the shortest element of the coset σW˜ .
Finally, it is also known classically that the Poincare´ polynomial of the flag
variety is
PTρ(SU(N))(y˜) =
∑
ν>ρ
Kν∨ (1N )Kνρ(y˜)
=
∏N
i=1(1− y˜i)∏ℓ(ρ)
j=1
∏ρj
i=1(1− y˜i)
.
(4.34)
It is proven in [6] that any linear quiver’s superconformal index can be reached
by taking a certain limit of the flavour fugacities of a linear quiver whose resolved
space is the cotangent bundle to a flag variety. This means we can write the
superconformal index of any linear quiver as a single Weyl group sum.
4.4 Aˆ-type quivers
The construction of An-type quivers can be easily adapted to give us the fixed
points of generic Aˆn-type quivers. The associated variety to a Aˆn quiver is the
moduli space of instantons on C2/Zn, [25].
We restrict t1 in equation (4.13) to lie in a finite cyclic group, t1 ∈ Zn ⊂ C×. If
we do this, then we have the same argument as for the linear quiver. Ck is split
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into n pieces, V0, . . . , Vn−1, with Va having weight t
a
1, and similarly C
N splits into
n pieces W0, . . . ,Wn−1. As before we define
ka := dim Va , Na := dim Wa . (4.35)
The difference now is the periodicity, namely
X : Vn−1 → V0 ,
X˜ : V0 → Vn−1 .
(4.36)
This periodicity is important for identifying which Aˆn-type quiver a particular
fixed point lies in given the choice of ρW .
The superconformal index for Aˆn is
ZρV ,ρW (Aˆn)
=
∑
{Ya,i}
ρV , ρW
n∏
a,b=1
Na∏
i=1
Nb∏
j=1
∏
s∈Ya,i
f(a,i)(b,j)(s)≡a−b (mod n)
PE
[
zai
zbj
τ g(a,i),(b,j)(s)−1(1− τ/y)(1 − τy)
]
.
(4.37)
In this expression, the {Ya,i}ρV ,ρW means restricting the sum to all fixed points corre-
sponding to the affine quiver fixed by ρV and ρW .
Acknowledgements
The authors would like to thank Sam Crew, David Tong, Joe Waldron, Toma´s˘
Zemen and Filip Zivanovic for helpful discussions. This paper has been partially
supported by STFC grant ST/L000385/1.
A Some superalgebra details
A.1 Flat space quantum mechanics
We consider the problem of free quantum mechanics on C2n, with complex coor-
dinates (qi, q˜i)
n
i=1. Consider the action of −M− 2J3 + N on the forms
α =
n∏
i=1
qaii q¯
a¯i
i q˜
bi
i
¯˜qb¯ii dq
δi
i ∧ dq¯δ¯ii ∧ dq˜ǫii ∧ d¯˜qǫ¯ii , (A.1)
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with a, a¯, b, b¯ ∈ Zn>0 and δ, δ¯, ǫ, ǫ¯ ∈ {0, 1}n, then we have that12
2J3α =
n∑
i=1
(ai + bi − a¯i − b¯i)α ,
Mα =
n∑
i=1
(δ¯i + ǫ¯i − n)α ,
Nα =
n∑
i=1
(δi + ǫi − n)α .
(A.2)
So, −M− 2J3 +N acts as the C×-scaling13, which we call R:
Rα = (−M− 2J3 + N)α =
n∑
i=1
(ai + bi − a¯i − b¯i + δi + ǫi − δ¯i − ǫ¯i)α . (A.3)
A.2 su(1|2) character
Suppose that p(τ, y) ∈ Z((Z))[[τ ]][y, 1/y] is such that
p(τ, y, Z) = p(τ, 1/y, Z) , (A.4)
a formal Laurent series in Z, a formal power series in τ and a finite Laurent
expansion in y, writing it as
p(τ, y, Z) =
∞∑
a=0
m∑
b=−m
αa,b(Z)τ
ayb =
∞∑
a=0
m∑
b=−m
αa,b(Z)τ
a+b
(y
τ
)b
, (A.5)
we further have that
αa,b = 0 for a < |b| , (A.6)
that
p(τ, τ, Z) ∈ Z>0 , so that d
dτ
p(τ, τ, Z) =
d
dzi
p(τ, τ, Z) = 0 , (A.7)
and
lim
τ→0
y/τ finite
p(τ, y, Z) =
m∑
a=0
αa,−a(Z)
(
τ
y
)a
∈ Z>0
[
τ
y
]
. (A.8)
We have that in the text equation (A.4) corresponds to (3.1), equation (A.6)
corresponds to (3.3), equation (A.7) corresponds to (3.4) and equation (A.8)
corresponds to (3.5)
12Explicit expressions for the osp(4∗|4) generators on flat space can be found in appendix E.5 of [42].
13On flat space, this is the Lie derivative with respect to the Hamiltonian vector field∑n
i=1
(
qi
∂
∂qi
+ q˜i
∂
∂q˜i
− q¯i ∂∂q¯i − ¯˜qi ∂∂ ¯˜qi
)
.
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We show in this subsection that if p obeys all these properties, then it can be
written as
p(τ, y) =
m∑
a=0
Na,aIa,a +
∑
a>b
N˜a,bIa,b , (A.9)
with Na,a ∈ Z>0 and N˜a,b ∈ Z[Z,Z−1].
We prove this via induction onm. Ifm = 0, then since p(τ, τ, Z) = p(τ, y, Z) =
α0,0 ∈ Z>0 and I0,0 = 1, we have
p(τ, y) = α0,0I0,0 . (A.10)
Now suppose it is true up to the highest power of y in p being m − 1. We
take
p(τ, y, Z) = q(τ, Z)(ym + 1/ym) +
∞∑
a=0
m−1∑
b=1−m
αa,b(Z)τ
ayb , (A.11)
for some q(τ, Z) ∈ τmZ((Z))[[τ ]], q(τ, Z) = ∑∞a=m qv(Z)τv. Equation (A.8)
necessarily means that qm(Z) ∈ Z>0. We see that we can write
p(τ, y, Z) = qmIm,m −
n∑
a=m+1
qa(Z)Ia−1,m−1(τ, y) + p˜(τ, y, Z) , (A.12)
where the highest power of y in p˜(τ, y) is m − 1 and it clearly obeys all the
necessary properties (A.4), (A.6), (A.7) and (A.8).
B Wall crossing
We conjecture that the superconformal index does not depend on the choice
of projective symplectic resolution. We discuss this further in this appendix
for certain Nakajima quiver varieties, providing some of the evidence for this
conjecture.
Define Γ = (V,Ω) to be a quiver of ADE-type. If ωi are the fundamental
weights and αi are the simple roots of Γ. Then for a given choice of gauge ranks
k ∈ ZV>0, flavour ranks N ∈ ZV>0, choice of FI parameter ζ ≡ ζR ∈ RV and
background baryonic charge B ∈ ZV , we define
λ :=
∑
i∈V
Niωi , α :=
∑
i∈V
kiαi ,
ζ :=
∑
i∈V
ζiωi .
(B.1)
There is an action of the Weyl group of the quiver, W ≡WΓ. For w ∈W :
ζ 7→ w(ζ), B 7→ w(B) ,
α 7→ w ∗ α := λ− w(λ− α) . (B.2)
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From the work [30], we know that
M(λ, α, ζ) ∼= M(λ,w ∗ α,w(ζ)) , (B.3)
where the isomorphism is a hyperKa¨hler isometry, an isometry preserving all
three complex structures. This transformation is known in the mathematical
literature as reflection functors, while in the physical literature it is known as
three dimensional Seiberg duality.
The Hilbert series is known to be independent of the choice of ζ, [16]. However,
in general the fixed point cotangent space T -module structure does depend on
the resolution.
2 1
2 1
1 1
2 1
2 2
2 1
Figure 5: We investigate the quiver on the left. For this quiver λ = 2ω1 + ω2 and λ− α =
ω3 + ω2 − ω1. The quiver in the middle is the image under the Weyl group
transformation (12), and has λ− (12) ∗ α = ω3 + ω1. The quiver on the right is
the image under (23) and has λ− (23) ∗ α = 2ω3 − ω2. The middle quiver is the
T
(3,1)
(2,1,1)(SU(4)) quiver.
For example, the polynomial px(τ, Z) ∈ Z>0[τ±1, Z±1] from equation (3.7)
for the quiver on the left in figure 5 has the following values for the five fixed
points of the two resolutions:
px for ζ
(1) = (1, 1) :
z1,1
z1,2
+ τ
z1,1
z2,1
,
z1,2
z1,1
+ τ
z1,2
z2,1
, τ−1
z1,1
z2,1
+ τ−1
z1,2
z2,1
,
z1,2
z1,1
+ τ
z2,1
z1,1
,
z1,1
z1,2
+ τ
z2,1
z1,2
,
px for ζ
(2) = (2,−1) :τ z1,2
z2,1
+ τ
z1,1
z2,1
,
z1,2
z1,1
+ τ−1
z1,1
z2,1
,
z1,1
z1,2
+ τ−1
z1,2
z2,1
,
z1,2
z1,1
+ τ
z2,1
z1,1
,
z1,1
z1,2
+ τ
z2,1
z1,2
.
(B.4)
We see that the fixed point structure is different for these two different choices
of resolution. Nonetheless, both the Hilbert series and the superconformal index
are the same. We have tested this for multiple length two quivers and some
length three quivers and the same structure is persistent.
Note that ζ(1) = (23)(ζ(2)), while the subgroup of the Weyl group of the quiver,
WA2 = S3, for which µ is invariant, namely the group {1, (13)} ∼= Z2, the fixed
point structure is invariant. This holds more generally, as the resolutions are
Seiberg dual to each other (equivalently one is given by acting with a reflection
functor on the other). This further means that for the quiver on the right in
figure 5, the fixed point structure for the left quiver with choice of resolution
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ζleft is equal to the fixed point structure for the right quiver with resolution
ζ1right := (23)(ζleft).
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